This paper presents a numerical scheme for dynamic nalysis of mechanical systems subjected to damping forces which are proportional to fractional derivatives of displacements. In this scheme, a fractional differential equation governing the dynamic of a system is transformed into a set of differential equations with no fractional derivative terms. Using Laguerre integral formula, this set is converted to a set of first order ordinary differential equations, which are integrated using a numerical scheme to obtain the response of the system. Numerical studies show that the solution converges as the number of Laguerre node points are increased. Further, results obtained using this scheme agree well with those obtained using an analytical technique.
INTRODUCTION
The concept of using fractional calculus to describe the frequency dependent damping behavior of materials and systems is not new. Bagley and Torvik (1983a , 1983b , 1985 provided a review of works done in this area prior to 1980, and showed that half-order fractional derivative models describe the frequency dependence of the damping materials very well. Koeller (1984) considered a fractional calculus model to obtain expressions for creep and relaxation functions for viscoelastic materials. Mbodje et al. (1994) presented a linear-quadratic optimal control of a rod whose damping mechanism is described in terms of fractional derivatives.
Several methods have been proposed to find the response of a fractionally damped system defined as a system whose damping behavior is described by a fractional calculus model. These methods include Laplace transforms Torvik, 1983b, 1985) , Fourier transforms Kemple, 1989, 1991) and numerical methods (Padoran, 1987; Koh and Kelly, 1990) . Recently, Suarez and Shokooh (1997) presented an eigenvector expansion based closed-form solutions of motion containing fractional derivatives of order half. This paper presents a numerical scheme for dynamic analysis of a fractionally damped single degree-of-freedom spring-mass-damper system. The method allows one to consider the fraction derivative of any order. The formulation presented is similar to the formulation presented by Mbodje et al. (1994) for a continuous rod. Although, the formulation and the results are presented for a single degree-of-freedom system only, the approach presented can be extended in a straight forward manner to a multi degree-of-freedom system.
MATHEMATICAL MODEL
To develop a numerical scheme for a fractionally damped model consider a single degree-of-freedom spring-mass-damper system whose dynamics is described by the following differential equation,
where m, c, and k represent the mass, damping coefficient, and stiffness, respectively, f(t) is the externally applied force, and
, is the derivative of order α of the displacement function x(t). The dimension of c depends on α. In the discussion to follow, we consider the following definition of
where Γ(α) represents the Gamma function which is defined as
and which satisfies the following identity,
Using Eqs. (3) and (4), Eq. (2) can be written as
To further simplify the above representation, define
Using Eq. (6), Eq. (5) can be written as
Introducing the following variables
and using Eq. (7), Eq. (1) can be written as (11) Observe that the definitions of φ(y,t) considered here and by Mbodje et al. (1994) are very similar. However, the φ(y,t) considered here simplifies the integral term in Eq. (10). Further note that the initial condition for φ(y,t) is completely known and Eqs. (10) and (11) have no fractional derivative terms, and therefore these two equations can be integrated to obtain the response of the system.
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NUMERICAL SCHEME
To obtain a numerical scheme, the integral in Eq. (10) can be approximated using various integral approximation schemes. Using the Laguerre integral formula (Davis and Polonsky, 1972) (10) and (11) can be written as a set of first order equations as
Dx t v t ( ) ( ) =
and 
Equations (13) to (15) 
EXAMPLE
To demonstrate the feasibility and accuracy of the formulation, the following numerical values are considered:
= 0.05, 0.5, and 1.0. These values are considered in order to compare the results obtained using this scheme and the scheme presented by Suarez and Shokooh (1997) . Observe that the zero initial condition is necessary to match the definition of the fractional derivative used here and by Suarez and Shokooh (1997) . Figures 1 and 2 show the results for the position x(t) and the velocity v(t) for η = 0.5 and n=2, 5, 8 , and 9. It can be seen that x(t) and v(t) converge as the number of Laguerre node points is increased. The same pattern is observed for other values of η.
Results for the position x(t) and the velocity v(t) using this scheme and the scheme presented by Suarez and Shokooh (1997) . for η = 0.05, 0.5 , and 1.0 are shown in figures 3 and 4. These figures clearly show that the results obtained using the two schemes agree very well.
CONCLUSIONS
A numerical scheme to obtain the dynamic response a fractionally damped system, where the fractional derivative can be of any order, has been presented. The formulation uses Laguerre integral formula to approximate an integral. It is shown that the scheme converges as the number of Laguerre node points are increased. Further, the results obtained using this scheme agree very well with those obtained using an analytical scheme. Comparison of v(t) obtained using this scheme and the scheme presented in Suarez and Shokooh (1997) .
